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Abstract. In this paper we prove the Fourier restriction theorem for p = 2 on Riemannian 
symmetric spaces of noncompact type with real rank one which extends the earher result 
proved in [191 Theorem 1.1]. This result depends on the weak estimates of the Poisson 
' transform of function. By using this estimate of the Poisson transform we also characterizes 

all weak eigenfunction of the Laplace-Beltrami operator of Riemannian symmetric spaces 
of noncompact type with real rank one and eigenvalue — (A^ + p^) for A G R \ {0}. 



! 1. Introduction 

Let X = G/K be a rank one symmetric space of non compact type. For A G the Poisson 
transform V\F of F € L^{K/M), is given by 

> " 

; Jk/m 
. . 

For the meaning of symbols we refer the reader to section 2. It is well known that VxF is 
Tlj- i an eigenfunction of the Laplace-Beltrami operator A with eigenvalue — (A^ + p'^) [rj, page 

100]. A celebrated result of Helgason (and Kashiwara et al. for higher rank) says that if u 
is an eigenfunction of Laplace-Beltrami operator on X then u is the Poisson transform of an 
analytic functional T defined on K/M \i?>\ Chapter V, Theorem 6.6]. 
^ \ In this paper we are interested only in such eigenfunctions which are Poisson transforms of 

\ L^{K/M) functions. In [8j Frustenberg proved that u is a bounded harmonic function (i.e. 

Au = 0) if and only if n is a Poisson integral of bounded function on K/M (the Poisson 
transform corresponding to A = —ip is known as the Poisson integral). The characterization 
of eigenfunctions which are Poisson transform of an function was studied extensively from 
then onwards [2T1 [23l [25l [21 [28l [Ml [3]. The following analogue of Frustenberg's result was 
proved in [211 [23] for other values of p: 

Let 1 < p < 2, X = a + ijp'P, a G M and An = -(A^ + p'^)u. Then u G Lp''°°{X) if and only 
if u = VxF for some F G Lp' {K/M). Moreover, 

(I'l) Il'^a+i7p/p-^llp',oo — ll-^llp'- 
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If p = 2 then u = VqF with F e Lp'{K/M), if and only if Aii = —p^u and the function 
h{kat.o) = (1 + t)"^ti(/cat.o) is in L'^^°°{X). 

In the above 7^ = (| — 1), 1 < p < 00, and hence 7^/ = — 7^ where ^ + ^ = 1- The estimate 
(jl.ip played a fundamental role in the development of harmonic analysis on Riemannian sym- 
metric spaces. By using the estimate (jl.ip for 1 < p < 2, Lohoue and Rychener [21] obtained 
the following continuous inclusion 

Cowling et al. in [5J proved an elegant generalization of this result. They proved a convolution 
relation of the following form 

(1.2) LP'^'iG) * LP''{G) C LP'*(G), 

where l<p<2, ^ + ^>j and r,s,t^ [1, 00]. Finally in [15j lonescu obtained the end point 
version of (jl.2|) 

(1.3) L^'\G) * L'^'\G) C l2'°°(G). 

Coming back to estimate II. 1^ we note that this generalizes the well known behavior of 
the elementary spherical function (px in terms of certain natural size estimates of the Poisson 
transform. For the reader's benefit we will explain this point in detail. For A € C the elementary 
spherical function (px is given by 

J K/M 

If 1 < p < 2 and a G M then the well known estimate \(t)a+i'y^, p{at)\ x e-^^*/^' {t > 0) ( [22l 
Lemma 3.2]) implies that (pa+i-yp/p belongs to '°°{G) (the notation U W ior two positive 
functions mean that there exist positive constants ci, C2 such that ciU{x) < W{x) < C2U{x) 
for appropriate values of x). The estimate (jl.ip can be thought of as a generalization of this 
fact. However, the case p = 2 is little different. It is known from the work of Harish-Chandra 
and a subsequent refinement by Anker that (poicit) ^ (l+t)^^e~''* {t > 0) ([H page 656]). Hence 
00 ^ L?"°°{G). But it is not hard to show that (p^ G L'^iG) for all q > 2. This was generalized in 
[4] in the form of the following estimate: for all q € (2, 00] there exists a constant Cq > such 
that for all F E Lp'{K/M) one has the inequality ||Po-^||l'j(x) ^ C'g||F||^2(^/jv/). We now focus 
on the case A G M \ {0}. It follows from the Harish-Chandra series for elementary spherical 
functions that for A G M \ {0} the function (px satisfies the stronger estimate \(j)x{at)\ < Cxe~P^ 
for ah t > ([m (3.11)]). Hence (px G L^'~(G) for A G M \ {0}. We wih show that this 
also holds true for Poisson transforms PxF for F G L'^{K/M) and A G M \ {0}. As all radial 
eigenfunction of A with — (A'^ + p^) are constant multiple of (px it follows that for a given 
A G M \ {0} all radial eigenfunctions of A with eigenvalue — (A^ + p^) belongs to Lp''°°{X). 
One of our aim in this paper is to characterize all weak eigenfunctions of A with eigenvalue 
-(A^ + p2) for a given A G M \ {0}. 



WEAK L2 eIGENFUNCTIONS OF SYMMETRIC SPACES 



3 



The main result we prove in this paper is the following: 

Theorem 1.1. //A G M\ {0} then there exists a constant Cx> such that 

(1-4) 11^^112,00 < Cx\\F\\l2(^k/m), for all F G L\K/M). 

If Au = -(A^ + p'^)u then u G L'^'°°{X) if and only if u = VxF for some F G L'^{K/M). 

It is important to realize that Poisson transforms are really certain matrix coefficient of the 
class one principal series representation. For A G the class one principal series representation 
TTx of a semisimple Lie group G are realized on L'^{K/M) and are given by 

7rx{g)f{kM) = e-^'^+P^^'^3~'''^F{k{g-^k)). 

It is known that for A G o* the representation vr^ is unitary and irreducible. It is also known 
that TTx and tt-x ai"e unitarily equivalent. Using the description of ttx given above the Poisson 
transform of F G L^{K/M) can also be written as 

VxFig-o) = {7rxig)l,F). 

Theorem O thus shows that | {7:x{-)l,F) \ belongs to L'^^'^{G/K) for A G a* \ {0} and F G 
L?'{K/M). It is obvious from the estimates of 4>q mentioned earlier that such a result is not 
expected if A = 0. 

Acknowledgement: I would like to thank Swagato K. Ray and Rudra P. Sarkar for suggesting 
this problem to me. I would also like to thank them for several discussion on the subject. 

2. Notation and Preliminaries 

In this section we summarize some standard results on noncompact semisimple Lie group 
and associated symmetric space which will be required. Most of our notation are standard and 
can be found in |10l I12j . Let G be a connected noncompact semisimple Lie group with finite 
center, and 3 be the Lie algebra of G. Let be a Cartan involution of g and g = ^ © p be the 
associated Cartan decomposition. Let K = exp t be a maximal compact subgroup of G and 
let X = G/K be the associated Riemannian symmetric space. If o = eK denotes the identity 
coset then for g (z G the quantity r{g) denotes the Riemannian distance of the coset g.o from 
the identity coset. Let a be a maximal abelian subspace of p, ^ = exp a be the corresponding 
subgroup of G, and M the centralizer of A in K. 

Now onward we will assume that the group G has real rank one that is dim a = 1. In 
this case it is well known that the set of nonzero roots is either of the form {—a, a} or 
{—a, —2a, a, 2a}. Let Qa and Q2q be the root spaces corresponding to the roots a and 2a 
respectively. Let n = g^ Q2a and =exp n. Let Hq be the unique element of a such that 
a(i?o) = 1 and A = {og : Ug = exp sHq,s G M}. We identify a* (the dual of a) and (the 
complex dual of 0) by M and C via the identification t ta and z za, t G M and 2; G C 
respectively. Let TTii — dim Qq,, m2 = dim g2a and p = ^{mi + 2m2)a be the half sum of 
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positive roots. By abuse of notation we will denote p{Hq) = \{mi + 2m2) by p. Let G = KAN 
be the Iwasawa decomposition of G that is , any g G G can be uniquely written as 

(2.5) g = k{g) expH{g) n{g) 

where k{g) G K, H{g) G a and n{g) € N. For F G L^{K/M) and A G C (= o^) the Poisson 
transform PxF is a function on X defined by the formula 

(2.6) VxF{x)= [ e(^^+^)^(^'*)F(6)(i6, 

Jk/m 

where A{gK,kM) = -H(g-^k). 

Let N = exp(g_Q © Q-2a) and G = NAK be the corresponding Iwasawa decomposition of 
G. Let dk, dn and dm be the normalized Haar measure on K, N and M such that 

[ ldk = l; [ ldm = l; [ e^^^^^^^^^dn = 1 
Jk Jm Jn 

(2.7) / f{g) dg = c [ [ [ f{natk)e^P' dn dt dk. 

Jg JnJrJk 

We will also need the following change of variable formula relating integrals on K/M and 

integrals on N \\.2\ Chapter I, Theorem 5.20] 

(2.8) / F{h) db= [ F(A:(n)M)e-2/'(^(")) dn. 

Jk/m Jn 

We also have the cartan decomposition G = KA^K where ^4+ = {at ^ A : t > 0}. The 
functions defined on X can also be viewed as right i^T-invariant function on G. The K- 
biinvariant functions of G are called radial function. The Haar measure related to the Cartan 
decomposition is given by 

(2.9) f f{g)dg = G I I [ f{kiatk2)ismht)'^^ {sinh It)"^^ dk dt dk. 
Jg Jk Jo Jk 

The nilpotent subgroup N can be identified with x M."^^ via a natural map n = exp(y + 

Z) {V, Z), where nii = dim m2 = dim Q_2a, V G and Z G M"'^. For any t G R the 

dilation 6t on subgroup N is an automorphism given by St{n) = a^t^at. Writing n = (V, Z) it 

can be written more explicitly as: 5t(l^, Z) = {e^V, e^*Z). We define the function |n| on N by 

(2.10) |n| = \{V, Z)\ = {c^\V\^ + 4clZ|2)i/4^ 

where c = ^^^^^^^^ . This function has the property that |(5f(n)| = e*|n| for any s G M and 
n £ N. For A G M \ {0} we define the kernel Kx by the formula 

(2.11) Kx{n) = |n|-(<3+»2A)^ j-j _^ q 

where Q = 2/5 is the homogeneous dimension of N. L? boundedness of the convolution operator 
defined by kernel Kx have been studied in [18j Section I] (see also ff. Theorem 6.19] ). We 
define the truncated kernels i^A,?? by 

Kx,n{n) = Kx{n)X{n&N\\n\>r,}{^)^ neN, 
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and the corresponding convolution operator by 



[ H 

J N 



We will need to consider the following maximal operator associated to the truncated kernel 
Kx^n defined by 



T^,'4>{n) = sup |T^V("-)I = sup 

r;>0 J?>0 



/ 



1 



|ni|>r? 



\ni 



\Q+i2\ 



drii 



By using the argument given in p6l page 33-page 36] (see also 
following result regarding the operator T^, 



page 627]) we have the 



Theorem 2.1. If X \ {0} then there exists a constant Cx > such that 



(2.12) 

for all tp G L2(iV). 



<Cx 



In the following we collect some basic facts about Lorentz spaces which will be used in 
this paper (see [9l |27] for details). Let (M, m) be a cr-finite measure space, / : M — > C be 
a measurable function. The distribution function df : (0, oo) — > (0,oo] and nonincreasing 
rearrangement /* : (0, oo) — (0, oo] of / are defined by formulae 

df{s) = m{{x e M) ■.\f{x)\> s]) and /*(t) = inf{s | (i/(s) < i}. 

For p G [1, oo), q G [1, oo] we define. 



(2.13) 



P,9 



1/g 



when q < oo 



^supt^o t^/Pf*{t) = supt^Q tdf{ty/P when q = oo. 

For p G [1, oo), g G [1, oo] we define the Lorentz space LP'''{M) as follows: 

LP'^iM) = {/ : M ^ C : / measurable and 11/1]; ^ < oo}. 



By L°°'°°(M) and ]] • lloo,oo we mean respectively the space L°°(M) and the norm ]] • ]]oo 
we also have U''P{M) = LP{M). For 1 < p < oo the space U''°" is known as weak space 
and also L'^''^ C L'P''^ for all 1 < g < s < oo. For 1 < p < oo and 1 < g < oo, the dual (the 
space of all continuous linear functional) of LP''i(M) is U''''^' {M). Everywhere in this paper 
any p G [1, oo) is related to p' by the relation | + ^ = 1- 

We will follow the standard practice of using the letter C for constant, whose value may 
change from one line to another. Occasionally the constant C will be suffixed to show its 
dependency on related parameter. The letters C and M will denote the set of complex and real 
numbers respectively. 
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3. Proof of Theorem 11.11 

The important part of the proof of Theorem 11.11 is the foUowing norm estimate. Our proof 
of the following Proposition uses an argument similar to one given in |24j . 

Proposition 3.1. // A G M \ {0} then there exists a constant Cx > such that for all F G 
L\K/M), 

||Pa-^||l2,oo(x) < Cx\\F\\j^2(^K/M)- 

Proof. In view of the Iwasawa decomposition G = NAK the symmetric space X can be 
identified with iV x M via the map {n,t) — ?> na^ ■ o. If F G L?'{K/M) and fiat • o G X, then 
from the definition (j2.6p of the Poisson transform and (|2.8p we have, 

VxF{nat ■ o) = [ e~(*^+'')^("-*"'''=('^))F(A:(m)M)e^2^(-^(™))dm. 
Jn 

As A normalizes N it follows from the Iwasawa decomposition (|2.5p that 

-H{a-tn~^k{rn)) = - H {5t{n~'^ m)) + H{m) + t 
(see [m page 518]). By using the last two equality we get, 

VxF{nat ■ a) = e'^'^+f^^ [ e-(^^+^)^('^*(""''^)F(A:(m)M)e(^^-'')(^(™))(im 

Jn 

{i\+p)t f {iX+p)H{St{m))^ 



(3.14) = e^'^+P>' / e-^'^+f>^^''^"'>>ij{nrh) dm, 

Jn 

where ip is a function defined on N given by ip{fh) = F{k{m)M)e^'''^~''^^^^"^^\ Using the 
integral formula (j2.8p one has ||V'IIl2(^) = \\F\\j^2(^x/]ify If we write rh = {V, Z) then e^^^'^^ is 
given by the formula 

where = 4(mi + 4m2) (see |131 Chapter II, Theorem 6.1]). Thus from the above formula, 
definition of norm (IZTOD and relation 5t{m) = (eV,e2*Z) we have, 

1 



^-{iX+p)H{6t{rh)) 



[(1 + c|e*F|2)2 + 4c|e2<Z|2](iA+p)/2 

1 



g2(iA+p)t[(g-2t ^ c|y|2)2 + 4c[Z|2](«^+P)/2 

(3.15) = ^ 



g2(iA+p)t[(g-4t _^ 2ce-2*|y|2) + |?fl|4](«^+P)/2 ' 

By using (j3.15p in (j3.14p we get the following expression of the Poisson transform 

(3.16) . „) = e-<-+* /. i^- 

We will now follow an argument of Sjogren |24^ page 108] to dominate the above integral by 
two maximal functions whose behaviors are known. We first restrict the integral over the 
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ball B(e *) = {m E N : \m\ < e *} in A^. Since the Haar measure of is the Lebesgue 
measure it follows that the measure of i?(e~*) is proportional to e"*^*. In this case we have, 



B(e-t) [(e-4* + 2ce-2*|y|2) + \fn\^]{i\+p)/2 



'ilj{nm) dm 



< 



1 



-Qt 



\^{n'm)\ dm 



(3.17) < CMoipifi), 

where Mq is the standard Hardy-Littlewood maximal operator on N. It is well known that 
the operator Mq is bounded from U'{N) to L^{N) for 1 < p < oo |26|. Theorem 1, page 13]. 
For [m| > e^*, we will compare the kernel with |?7i|^('5+«2A)_ claim that, 



(3.18) 



1 



1 



[(e-4t + 2ce-2*|y|2) + |m|4]{«-^+p)/2 |^^|(Q+i2A) 



< C-. 



m 



HI' 



-2iA 



If 



for all m € B{e~^). Consider the function (j) : (0, oo) — > C defined by (p{r) = r 
we take r = \m\ and s = [(e~^* + 2ce"2*|y|2) -\- |m|^]^/^ then it follows from the mean value 
theorem that there exists ro G (r, s) such that 

\<P{s) - 0(r)| = \s- r||(/.'(ro)| = C\s - r\r-^-\ 

Since e~* < \fh\ we have \fh\ < < 3\fh\ and |s — r| < Ce~*. This proves our claim. We also 
have the following estimate 



\in\ >e 



-t \m\ 



— \ijj(nm) \ dm = 



{nm)\ dm 



oo 



~t 



oo ^ 

< Cn/ ., — r— — --- / lihinm)] dm 

- 2^|i?(2Hie-*)| ys(2.+ie-) ^' 

(3.19) < CQMoV'(n), 

where |-B(2-'"'"^e~*)| denotes the Haar measure of B(2^^^e^*). If we combine the inequalities 
msJEh and ([339]) we get 

-- — — — — ; — , , ,„ ihinfh) dm 

[(e-4« + 2ce-2«|y|2) + |m|4](»A+p)/2 ^ 



(3.20) 



m >e 



where T'ip{n) = MQi{j{n) + T^:'ip{n). From (|3.16p . (|3.17p and (j3.2Up we now have the following 
pointwise estimate of the Poisson transform 

\VxF{nat ■ o)\ < Ce-P*T^{n)). 

We will use the above estimate to show that the Poisson transform belongs to weak L?'. In 
this regard, for any /3 > we have. 



(3.21) ^i{nat(^X\\VxF{nafo)\> p}< [ [" 



z^P^dt dn 



C_ 



Tip{n)'^ dn, 
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where — = e^^*" and // denotes the G invariant measure on X. We know from Theorem 
12.11 that the operator T^: is bounded from L^(iV) to L'^{N) and hence so is T. Therefore from 
(|2T3D and ([3:21]) we get 



\\VxF\\l2,^(^x) < Ca||?/'|Il2(7V) = C\\\F\\l2(^k/m)- 
This complete the proof. □ 



To complete the proof of the Theorem II. II we will now invoke a result of lonescu |16t Theorem 
1]. For a locally integrable function u on X define 

M{u)= [limsup— / \u{x)\^ dx 

\ R->-oo -fl J(B{o,R)) 

It was proved in [16j that if Au = — (A^+p^)u for some A € IK\{0} and M{u) < oo then u = V\F 
for some F € L'^{K/M) (see also [3j). Theorem 1 1 . 1 1 will follow immediately once we prove the 
following simple lemma (although it was proved in |20j but for the sake of completeness we 
provide the detail here). 

Lemma 3.2. // Au = -(A^ + p'^)u for XeR\ {0} and u G L2'°°(X) then 

M{u) < C\\u\\l2,o.^x)- 

Proof. It suffices to show that 

(3.22) / \u{x)\'^ dx <CR\\u\\l2oc(x) for all i? > 0. 

J{B{o,R)) 

Since the inequality ()3.22p follows easily for i? < 1 we will concentrate only in the case R > 1. 
If u* denotes the decreasing rearrangement of u then it follows from definition of weak 
spaces that 

(3.23) u*{sf <^\\u\\l^, foralls>0. 

It follows from the similar argument given in |21] Lemma 2] (see also [20]) that 

\u{kat.o)\ < C||n||^2,oo(-jj(^)e"* for some a > and for all t > 0. 
Since {xb{o,r))* = X{o,\b(o,r)\) (see [9i page 46]) it follows from the above inequality that 

(3.24) iXBio,R^)Hntf < C\\u\\l^e^''\^o,\Bio,R)\)it)- 
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Using the fact that the G-invariant measure fiB{o,R) of the bah ij,B{o,R) is prepositional to 
g2pij for > 1 it follows from (l3:23]l and ([3:21) that 



\u(x)fdx < C u*{sfds 



B{o,R) Jo 



nB{o,R) 

< C I min<! |k||2 ,^e2"^,||n||^,^-l>dt 







< Cllnll^^ / min <! e^"^, - 



^^"^ di 

-2aR t 



(3.25) < C\\u\\l^R 



C|Ml2,oo(l + 2p-R + 2a/?) 

2,00-"-' 

This completes the proof. □ 

An immediate consequence of the above results is |16[ Proposition 4]: 
Corollary 3.3. If X e a* \ {0} and F € L^{K/M) then 



/ \ 1/2 

sup^ / \V^F(x)\^dx\ <Ca||F||^(;^/,,,). 

, R ^ Jb(o,R) 



lB{o,R) 

4. SOME CONSEQUENCES 

Theorem 11.11 has certain consequences which are worth mentioning. One of them is related 
to the restriction (like) theorem for the Helgason Fourier transform on X. The idea of Fourier 
restriction theorem on M"(n > 2) originated in the work of Stein. The celebrated Tomas-Stein 
restriction Theorem says that the Fourier transform / of a function / E L^'(M") has a well 
defined restriction on the sphere S^~^ via the inequality, 

^ 2?7, + 3 

Il/l5"-i IIl2(S"-i) < C'pII/IIlpCR") for all 1 < p < ^ _^ ^ 

(see [26|. page 365] ) . We are interested in similar inequalities for the Helgason Fourier transform 
of suitable functions on X. Given / G C^{X) the Helgason Fourier transform / of / is defined 
by [la page 199] 

(4.26) 7(A,6)= / f{x)e^'^+f^^^'''^Ux, A G C, beK/M. 

Jx 

For fixed A G C the norm inequality of the form 

/ \fiX,bWdb\ <C\\f\\ 

LP(X) 

\Jk/m J 

can be thought as an analogue of Fourier restriction theorem in the context of a symmetric 
space X. For 1 < p < 2 the analogue of restriction theorem for functions on X with 
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rank X = 1 was proved in [21] , This result was extended for more general spaces in [22], |19j . 
It was also shown in [19] that the best posible analogue of restriction theorem for A G R is the 
following: Given A S IR\ {0} there exists a constant Ca,p > such that the following inequality 
holds 



'K/M 



\f{X,b)\'db 




LP{X): 



l<p<2. 



It is the end point case of the above inequality which we are interested in. It turns out that 
this problem can be solved very easily by using estimates of the Poisson transform. We first 
observe that for a given A € C and F E C°°{K/M) the Poisson transform V\F is related to 
the Helgason Fourier transform /(A, •) as follows: 

I f{X,b)F{b)db= [ f{x)VxF{x)dx. 
Jk/m Jx 

By using the estimate (ll.4p and the above equation we have the following version of the 

restriction Theorem : 

Theorem 4.1. //A E M \ {0} then there exists a constant C\> such that, 
(4.27) / \K\b)?db^ 



<Cx\\f\\L2,i(x). for all f e L'''\X). 



I K/M 



Proof. If F G L\K/M) then using the fact that the dual of L^^^{X) is L^'°°{X) and the 
estimate ()1.4p we get 



K/M 



\f{\b)F{b)db 



X 



f{x)VxF{x) dx 

< \\f\\L-i'^(X)\\P\F\\L'i''^{X) 

< C\\\f\\L'2^(X)\\F\\L'^{K/M)- 



n 



Theorem dr] can be used to deduce an interesting analytic property of the spectral projection 
operator considered in |28j . Authors of [6] used the Kunze Stein phenomenon to prove that 
the spectral projection operator f ^ f * satisfies the estimate ||/ * 4'\\\lp'{x) — ^p\\f\\LP{x) 
for A G M and 1 < p < 2 (the result is valid even if rank X > 1). We now present the following 
end point estimate of the spectral projection operator which is closely related to the behavior 
of the noncentral Hardy Littlewood maximal operator on X (see [15]). 



Corollary 4.2. If X G M \ {0} then the linear map f — > f * (p\ is restricted weak type (2, 2). 

Proof. From [12^ Lemma 4.4] we have the relation / * (pxix) = V\{f{—X, ■)){x). Using (II. 4p . 
(j4.27p and the above relation we have 

(4.28) \\f*<t^x\\L^,o.^x) = \\Vx{J{-X,-))\\l2,^^x) < Cx\\f{-X,-)\\LHK/M) < C^a||/||l2,i(x). 
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□ 

Remark 4.3. If 1 < p < 2 and X = a + i'jpP {a £ M) then it follows from [191 Theorem 1.1] 

that 11/ * 0a||2,p',oo(5) < C'Ail/ilLp.i(5')- the standard estimate |0Q,+j^^,p(x)| x K.p{x) 

— 2pr{x) 

where Kp is the radial function defined by Kp{x) = e p' we get the estimate 

(4.29) II/*'^pIIlp',oo(x) <Ca||/||lp,i(x) 1<P<2. 

For p = 2 and a € M \ {0} we have the estimate |i;^>Q,(a;)| < CqK2(x). Since the spectral 
projection operator, for A G M \ {0}, is restricted weak type (2,2) one may ask whether the 
same holds for the operator obtained by convolving with the larger kernel k.2- By modifying 
an example given in |14j we will show that this is not the case. We first recall the following 
properties of the function r(x) from [101 page 167] which will be needed 

(4.30) r{kat) = r{at) = t, r{x) = r{x^^), r{xy) < r{x) + r{y) 

for sdl k £ K , x,y G and t > 0. We also use the functional equation for the elementary 
spherical functions [121 Chapter IV] 

(4.31) / (poixky) dk = (j)o{x)(j)o{y), 

JK 

and the estimate [H page 648] 

(4.32) (/.o(x) X (l + r(a;))e-'"^(^). 

Consider the radial function / : X — > (0, oo) given by f{x) = e-''^(^)(l + r(x))-3/2. It follows 
from the calculation [Ml page 92] that / € L'^''^{X). We wih show that f * K2 ^ L^'°°{X). By 
using the Cartan decomposition (|2.9p we have, 

(4.33) /*K2(a,)= / e-P\l + t)-^/^ e-P''^''-''"'^UkJ{t)dt 

Jo JK 

where J{t) = (sinh t)""! (sinh 2t)''"2 . From (O0|l . (li^TD and (li:32]l and we get 

/ e-''^(-*'=-)dfc = / e-^-("--^--) i| + "^"-*f-i| dfc>C— 1— 0o(a,)^o(a.) 
Jk Jk [1 + r{a-tkas)) 1 + t + s 

If we use estimates above, ()4.32p and J{t) x e^^* (for t > 1) then from (j4.33p we have 

(4.34) / * K2{as) > C^-^e-P' f e-^P\\ + t)~^/^e^P^dt > Cs^/^e-P' 

l + 2s J I 

for large s. It is now easy to see that f * H2 ^ L^'°°(X). 

Comment regarding the Fourier transform on Damek Ricci Spaces: The notion of 
Helgason Fourier transform is also meaningful for functions on Damek-Ricci space [2]. It is 
well known that Damek-Ricci spaces include all Riemannian symmetric spaces of noncompact 
type with real rank one [I]. The analogue of restriction theorem in this setup was proved in 
[22j and [19]. By using arguments similar to symmetric spaces one can prove the following 
version of Theorem 14.11 for Damek-Ricci spaces S. 
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Theorem 4.4. // A G M \ {0} and f G L'^'^{S) then, 
(4.35) ([ \fiX,n)\^dnY' <Cx\\f\\L^.^s)- 



N 



The above theorem extends the fohowing result proved in |19j . 

Theorem 4.5. Let f be a measurable function on S and a € R. 

i) For f e LP'i(S'), 1 < p < 2 and p < q < p' , 

{^j^\J{a + ilqP,n)\''dn^ <Cp^q\\f\\p,i, Ci,, = 1. 

ii) For f G LP'~(S), l<p<2,p<q<p', 

!/(a + i7gp,n)|'?dn < Cp,<;||/||p,oo- 



The constants Cp^q > are independent of a and f . Estimates i) and ii) are sharp. 
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